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Semileptonic Lifetimes Mixing

How to determine Vcb?
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[FLAG 2024 arXiv:2411.04268]

▶ Leptonic Bc → τντ decays

→ Experimentally very challenging

▶ Semileptonic decays with B or Bs initial state

→ Inclusive decays ⇝Marko Garofalo

Progress toward first lattice determination

→ Exclusive decays

• hadronic pseudoscalar final state

• hadronic vector final state

B → D∗ℓν experimentally preferred
(BaBar, Belle, Belle II, LHCb)

Bs → D∗
s ℓν easier for lattice: no chiral extrapolation

(LHCb)

▶ Long standing 2− 3σ discrepancy

between inclusive and exclusive
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Semileptonic Lifetimes Mixing

Exclusive semi-leptonic decays on the lattice

B(s) D∗
(s)

W

ℓ

ν

}
q2 = M2

B +M2
D∗

(s)
− 2MBED∗

(s)

u/d(s)

cb

▶ Treat D∗
(s) as QCD-stable particle (narrow-width approximation)

▶ Conventionally parametrized placing the B(s) meson at rest in terms of

dΓ(B → D∗
(s)ℓν)

dq2
= KD∗(q2,mℓ) · |F(q2)|2 · |Vcb|2

experiment known theory input
(nonperturbative)

CKM
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Semileptonic Lifetimes Mixing

Four form factors parametrize B(s) → D∗
(s)ℓν

▶ Determine the four form factors V (q2), A0(q
2), A1(q

2), A2(q
2) (in relativistic notation)

by calculating hadronic matrix elements

⟨D∗
(s)(k , εν)|Vµ|B(s)(p)⟩ =V (q2)

2iεµνρσε∗νkρpσ
MB(s)

+MD∗
(s)

⟨D∗
(s)(k, εν)|Aµ|B(s)(p)⟩ =A0(q

2)
2MD∗

(s)
ε∗ · q

q2
qµ

+ A1(q
2)(MB(s)

+MD∗
(s)
)

[
ε∗µ − ε∗ · q

q2
qµ

]
− A2(q

2)
ε∗ · q

MB(s)
+MD∗

(s)

[
kµ + pµ −

M2
B(s)

−M2
D∗

(s)

q2
qµ

]

▶ Alternatively use HQE convention f (w), g(w), F1(w), F2(w) with w = vD∗·vB
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Semileptonic Lifetimes Mixing

Lattice determination of B(s) → D∗
(s)ℓν form factors

▶ Calculate ratios of 3-point over 2-point functions on the lattice

RΓ,µ
B(s)→D∗

(s)
(t, tsink) =

C 3pt,Γ,µ
B(s)→D∗

(s)
(t, tsink , k)

1
3

√∑
i C

2pt
D∗

(s)
(t, k)C 2pt

B(s)
(tsink − t, p)

√√√√4ED∗
(s)
MB(s)

∑
j εj(k)ε

∗j(k)

e
−ED∗

(s) e
−MB(s)

(tsink−t)

t→∞−−−−−−−→
tsink−t→∞

εµ(k)⟨D∗
(s)(k , ε)|cΓb|B(s)(p)⟩

0 t

c̄

u/d(s)

t sink
t0

c̄ b̄

u/d(s)

t t sink

b̄

u/d(s)
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Semileptonic Lifetimes Mixing

Obtain phenomenological B(s) → D∗
(s)ℓν form factors

▶ Relate ratios to lattice form factor: example Ã0

Ã0(q
2) =

1

2

MD∗
(s)

ED∗
(s)
MB(s)

1

kν
qµ · εν(k)⟨D∗

(s)(k, ε)|cγµγ5b|B(s)(p)⟩

▶ Lattice form factors require renormalization

A0(q
2) = Z bc

A · Ã0(q
2)

▶ Obtain Z bc
A and Z bc

V using a mostly nonperturbative setup
[Hashimoto et al. PRD61(1999)014502] [El-Khadra et al. PRD64(2001)014502]

Z bc = ϱbc
√
Z bbZ cc

▶ Blinded analysis by replacing ϱbc → c · ϱbc and c is hidden to the persons analyzing the data
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Semileptonic Lifetimes Mixing

Explore existing RBC-UKQCD’s RHQ data
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→ F1S: a−1 = 2.785 GeV, amx = 0.275 ≳ amc

→ A2 very noisy (as expected)

→ Combined simple plateau fit for ground state only

→ Accounting for excited states is work in progress

▶ Extract all form factors from ratios of 3-pt over 2-pt correlators
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Semileptonic Lifetimes Mixing

Explore existing RBC-UKQCD’s RHQ data

▶ Extract all form factors from ratios of 3-pt over 2-pt correlators

▶ Check for improvement using lattice dispersion relation (LDR)
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▶Manage data from all ensembles and multiple charm masses

→ Directly covered range 8GeV2 ≲ q2 ≲ q2max

▶ Two independent analysis for all steps
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Heavy Meson Lifetimes
in collaboration with
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Semileptonic Lifetimes Mixing

Heavy meson lifetimes (∆Q = 0 operators)

▶ Heavy quark expansion (HQE): lifetimes of heavy mesons

described by 4-quark operators with ∆B = 0

→ Optical theorem: calculate imaginary part

→ Integrate out W boson, double insertion

∆Q = 1 eff. weak Hamiltonian

▶ Operators O1, O2, T1, T2, contribute

▶∆Q = 0 operators mix under renormalization

→ To date no complete LQCD determination

(only exploratory work 20+ years ago)

→ Mixing suppressed using GF

▶ Quark-line disconnected contributions

→ Notoriously noisy, expensive to calculate on the lattice

→ In principal we know what to do . . .
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Semileptonic Lifetimes Mixing

Gradient flow (GF)

▶ Standard tool for calculating scale setting (
√
8t0), RG β-function, Λ parameter

[Narayanan, Neuberger JHEP 03 (2006) 064] [Lüscher JHEP 08 (2010) 071][JHEP 04 (2013) 123], . . .

▶ Introduce auxiliary dimension, flow time τ to regularize UV

→ Well-defined smearing of gauge and fermion fields

→ Smoothening UV fluctuations

▶ First order differential equation

∂tBµ(τ, x) = Dν(τ)Gνµ(τ, x), Bµ(0, x) = Aµ(x)

∂tχ(τ, x) = D2(τ)χ(τ, x), χ(0, x) = q(x)

▶ Consider GF as an RG transformation

[Carosso et al. PRL 121 (2018) 201601] [Hasenfratz et al. PoS Lattice 2021 155]

[Harlander, Lange, Neumann JHEP 08 (2020) 109]

▶Match to MS scheme using short flow-time expansion (SFTX)
[Lüscher, Weisz JHEP 02 (2011) 051] [Suzuki PTEP 2013 (2013) 083B03]
[Lüscher PoS Lattice 2013 016] [Makino, Suzuki PTEP (2014) 063B02] . . .
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Semileptonic Lifetimes Mixing

Short flow-time expansion (SFTX)

new Feynman diagrams

▶ Re-express effective Hamiltonian in terms of ‘flowed’ operators

Heff =
∑

n CnOn =
∑

n C̃n(τ)Õn(τ)

▶ Relate to regular operators in SFTX

ME of flowed
operator (lattice)

Õn(τ) =
∑

m ζnm(τ)Om + O(τ)

PT calculated matching matrix∑
n ζ

−1
nm (µ, τ)⟨Õn⟩(τ) = ⟨Om⟩(µ)

▶Matrix element ⟨Om⟩(µ) in the MS scheme found after taking the τ → 0

→ Large systematic effects at very small flow times

→ Large flow time dominated by operators ∝ O(τ)
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Semileptonic Lifetimes Mixing

∆Q = 0 operators and bag parameters

▶ The four ∆Q = 0 operators

O1(τ) = (Q̄γµ(1− γ5)q)(q̄γµ(1− γ5)Q)(τ) T1(τ) = (Q̄γµ(1− γ5)T
Aq)(q̄γµ(1− γ5)T

AQ)(τ)

O2(τ) = (Q̄(1− γ5)q)(q̄(1 + γ5)Q)(τ) T2(τ) = (Q̄(1− γ5)T
Aq)(q̄(1 + γ5)T

AQ)(τ)

▶ Determine bag parameters by calculating hadronic matrix elements using GF

⟨H|O1|H⟩(τ) = f 2H M2
H BH

1 (τ) ⟨H|T1|H⟩(τ) = f 2H M2
H ϵH1 (τ)

⟨H|O2|H⟩(τ) = M2
H

(mQ +mq)2
f 2H M2

H BH
2 (τ) ⟨H|T2|H⟩(τ) = M2

H

(mQ +mq)2
f 2H M2

H ϵH2 (τ)

▶Match to the MS scheme using SFTX(
Bi (τ, µ)
ϵi (τ, µ)

)
= ζ−1

B,i (τ, µ)

(
BGF
i (τ)
ϵGFi (τ)

)
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Semileptonic Lifetimes Mixing

Example: Ds meson lifetimes (∆Q = 0 operators)

▶ Extract bag parameters for all ensembles

→ F1S: a−1 = 2.785 GeV, Mπ = 267 MeV
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Semileptonic Lifetimes Mixing

Example: Ds meson lifetimes (∆Q = 0 operators)

▶ τ → 0 limit (work in progress)
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Neutral meson mixing



Semileptonic Lifetimes Mixing

Lattice calculation of neutral B0
(s) meson mixing

▶ Standard model process described by box diagrams

▶ Top quark contribution dominates ⇒ short-distance process

→ Describe by point-like 4-quark operators

▶ Parameterize experimentally measured oscillation frequencies ∆mq by

∆mq =
G 2
Fm

2
W

6π2
ηBS0MBq f

2
Bq
B̂Bq

∣∣V ∗
tqVtb

∣∣2 , q = d , s

→ Nonperturbative contribution decay constant f 2Bq
times bag parameter B̂Bq
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Semileptonic Lifetimes Mixing

∆Q = 2 mixing operators

▶ Standard model process described by

Qq
1 = b̄αγµ(1− γ5)q

α b̄βγµ(1− γ5)q
β

→ General BSM considerations give rise to four additional dim-6 operators

▶ Calculate matrix element

⟨Qq
1⟩ = ⟨Bq|Qq

1 |Bq⟩ = 8
3 f

2
Bq
MBqBBq

▶ Convert “lattice” bag parameter BBq to RGI bag parameter B̂Bq

→ Renormalization/matching procedures used in the literature

Perturbative scheme: Fermilab/MILC, HPQCD

Nonperturbative scheme: ETMC, RBC-UKQCD

▶ Operator mixing occurs for non-chiral lattice fermions

Oliver Witzel (University of Siegen) 14 / 15



Semileptonic Lifetimes Mixing

∆Q = 2 mixing operators (literature)
17

Fig. 26 Comparison of different SM predictions for the mass
differences ∆Md and ∆Ms by using different determinations
of the dimension-six matrix elements, as indicated in the leg-
end, see also the text for more detail, with the correspond-
ing HFLAV average denoted by the black dot (the latter has
tiny uncertainties, practically invisible within the scale of the
plot).

the mass difference∆Ms. Thus, at that time a Z ′-model
explanation of the B-anomalies was largely excluded
by ∆Ms [293]. Redoing this analysis after the sum rule

values and HQPCD values for ∆Ms became available,
which reduced the SM expectation considerably, a Z ′-
model became viable again [276]. This example shows

nicely the importance of precise SM predictions for the
mixing parameters and its crucial implications for po-
tential BSM models, see also e.g. Ref [294].

3.3.2 Decay rate differences

The decay rate difference has so far only been measured
for the Bs system. Its first measurement by the LHCb
collaboration in 2012 [295] presented a nice test of the

theoretical tools to describe the mixing quantities [296].
Comparing values in Eqs. (14) and (34), one can see
that experiment and theory agree very well for ∆Γs,

∆Γ SM
s

∆ΓExp.
s

= 1.10± 0.19 ,
δ∆Γ SM

s

δ∆ΓExp.
s

≃ 3 , (48)

with experiment being roughly a factor of three more

precise than experiment. Besides being a further testing
ground for our theoretical tools, decay rate differences
are also sensitive to BSM effects in tree-level decays and
light new physics, see e.g. Refs. [114–119,262,263].

Due to its smallness in the SM, future measurements
of ∆Γd offer interesting possibilities as Null tests [290].

3.3.3 Flavour specific CP asymmetries

In the SM, flavour-specfic CP asymmetries are both

CKM and GIM suppressed and thus expected to be
tiny. Currently, the experimental uncertainty of asfs, see
Eq. (15), is roughly 140 times as large as the SM central

value in Eq. (39), while the experimental uncertainty in
adfs is roughly three times as large as the corresponding
SM central value, see Eqs. (15) and (38). This leaves
plenty of space for future discoveries of BSM effects. A

particular sensitivity of the flavour-specific CP asym-
metries to new effects in non-leptonic tree-level decays
was worked out e.g. in Refs. [129,261,297].

3.4 Outlook to the Charm system

The success of the HQE to describe also charmed hadron
lifetimes suggests to apply the same framework for charm

mixing quantities, see e.g. the review [298]. Charm mix-
ing suffers, however, from an extreme GIM [299] sup-
pression. Analyses of exclusive decays [300, 301], using
simplified assumptions, like taking only phase space ef-

fects into account but no dynamical QCD contribu-
tions, lead to a range of values for the mixing parame-
ters that is consistent with the experimental data [37],

whereas studies computed within the HQE yield ex-
tremely suppressed results, see e.g. Ref. [302]. Despite
recent progress made in assessing the uncertainty of the
HQE prediction [303], it is still unclear how to deal with

such a strong GIM suppression from a theoretical point
of view.

Neglecting the SM contribution to D-mixing and
attributing the experimental values to BSM effects can
nethertheless provide interesting and important bounds

on extensions of the SM, see e.g. Refs. [304–306].

4 Conclusion and outlook

Observables in B-mixing and b-hadron lifetimes are im-

portant tools to test and increase our understanding of
quantum chromodynamics and for indirect searches for
BSM effects. The historical evolution as well as the cur-
rent status of these observables has been reviewed both

from an experimental and theoretical point of view. In
particular, we presented new updates for the SM pre-
dictions of the mixing observables ∆Mq, ∆Γq and aqfs,

based on most recent values for the CKM matrix ele-
ments and new averages of the non-perturbative param-
eters. All in all, we find an excellent agreement of the ex-

perimental data for lifetimes and mixing with our the-
oretical predictions. Therefore, we conclude, that our

[Albrecht et al. 2402.04224] [King Thesis 2022]

▶ Ongoing work by RBC-UKQCD+JLQCD
[Boyle et al. PoS Lattice 2021 224] [Tsang Lattice 2023]

▶ Dim-7 operators pioneered by HPQCD
[HPQCD PRL 124 (2020) 082001]
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Semileptonic Lifetimes Mixing

Example: ∆Q = 2 mixing for a “neutral charm-strange meson”
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D0 Mixing B1

ETM ‘15: 0.757(27)
FNAL/MILC ‘17: 0.787(57)

▶ F1S: a−1 = 2.785 GeV

Mπ = 267 MeV

▶ Consistent with short-distance

resultsfor D0 meson mixing
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Numerical setup GF calculations

▶ RBC/UKQCD’s 2+1 flavor DWF + Iwasaki gauge action ensembles, 3 lattice spacings
[PRD 78 (2008) 114509] [PRD 83 (2011) 074508] [PRD 93 (2016) 074505] [JHEP 12 (2017) 008]

▶ Setup of the lattice calculation follows [Boyle et al. 1812.08791]

→ Z2 wall sources for all quark propagators [Boyle et al. JHEP 08 (2008) 086]

→ Gaussian source smearing for strange quarks [Allton et al. PRD 47 (1993) 5128]

→ Multiple source separations ∆T ∈ {10, 30}
▶ Fully-relativistic, chiral action for all quarks

→ Shamir domain-wall fermions for light and strange quarks
[Kaplan PLB 288 (1992) 342] [Shamir NPB 406 (1993) 90] [Furman, Shamir NPB 439 (1995) 54]

→ Stout-smeared Möbius domain-wall fermions for heavy quarks
[Morningstar, Peardon PRD 69 (2004) 054501] [Brower, Neff, Orginos CPC 220 (2017) 1]

▶ Simulate “neutral” charm-strange mesons

→ Easy to tune to physical strange and charm quarks

→ Avoid more expensive chiral or heavy quark extrapolation
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Numerical setup RHQ calculations

▶ RBC/UKQCD’s 2+1 flavor DWF + Iwasaki gauge action ensembles, 3 lattice spacings
[PRD 78 (2008) 114509] [PRD 83 (2011) 074508] [PRD 93 (2016) 074505] [JHEP 12 (2017) 008]

▶ Unitary domain-wall up/down quarks; strange quarks at/near the physical value
[Kaplan PLB 288 (1992) 342], [Shamir NPB 406 (1993) 90] [Furman, Shamir NPB406(1993)90]

▶ Charm: Möbius domain-wall fermions optimized for heavy quarks [Boyle et al. JHEP 1604 (2016) 037]

→ Simulate 3 or 2 charm-like masses then extrapolate/interpolate

▶ Effective relativistic heavy quark (RHQ) action for bottom quarks

[Christ et al. PRD 76 (2007) 074505], [Lin and Christ PRD 76 (2007) 074506]

→ Builds upon Fermilab approach [El-Khadra et al. PRD 55 (1997) 3933]

→ Allows to tune the three parameters (m0a, cP , ζ) nonperturbatively [PRD 91 (2015) 054502]

→ Smooth continuum limit; heavy quark treated to all orders in (mba)
n

→ Mostly nonperturbative renormalization:
[Hashimoto et al. PRD61 (1999) 014502][El-Khadra et al. PRD64 (2001) 014502]
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RBC-UKQCD’s 2+1 flavor SDWF+Iwaski gauge field configurations

Mπ GF RHQ
L a−1(GeV) aml ams (MeV) Nsrc × Nconf Nsrc × Nconf

C1 24 1.785 0.005 0.040 340 32×101 1×1636 [PRD 78 (2008) 114509]

C2 24 1.785 0.010 0.040 433 32×101 1×1419 [PRD 78 (2008) 114509]

M1 32 2.383 0.004 0.030 302 32×79 2×628 [PRD 83 (2011) 074508]

M2 32 2.383 0.006 0.030 362 32×89 2×889 [PRD 83 (2011) 074508]

M3 32 2.383 0.008 0.030 411 32×68 2×544 [PRD 83 (2011) 074508]

F1S 48 2.785 0.002144 0.02144 267 24×98 24×98 [JHEP 1712 (2017) 008]

▶ Lattice spacing determined from combined analysis [Blum et al. PRD 93 (2016) 074505]

▶ a: ∼ 0.11 fm, ∼ 0.08 fm, ∼ 0.07 fm
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