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Fundamental Particles: Quarks
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Quark “flavors” are organized into doublets, as 
that makes it easy to keep track of how they 
couple to each other via the weak interaction:
(each up-like flavor couples to each down-like flavor)
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Quarks bind to form mesons and baryons (= hadrons):

Belle and Belle II produce B0 and anti-
B0 mesons by colliding electrons and 
positrons:  
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The CKM Matrix and Unitarity Triangle

All flavor coupling constants (“coupling strengths”) can be arranged in a matrix:

Unitarity (U†U=1) prescribes 6 complex equations:

Each equation can be plotted in the 
complex plane as the sum of three 
vectors:
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The Unitarity Triangle

The internal angles of this triangle are phase differences, which can be measured:

Convention: 
Vtd and Vub are taken to be complex, 
others real
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Unitarity triangle – determining the angles

B0 ® J/y KS
B0 ® J/y KL
B0 ® y’ KS
B0 ® cc KS
B0 ® hc KS
B0 ® D (*)

CP h0

B0 ® (f/h’/p0/f0)K0

B0 ® (KSKS
/r0/w)KS

B ® p+p- /p+p0 /p0p0

B ® r+r- /r+r0 /r0r0

B0 ® r p
B0 ® a1(rp)+ p-

B- ® D(*)
CP K(*)-

B0 ® DCP K*0

B- ® D(*)(K+p-) K(*)-

B- ® D(*)0 p-

B- ® D(*)(KS p+p-) K(*)-

B- ® D(p0p+p-) K-

B- ® D(KS K+p-) K-

The internal angles of this triangle are phase 
differences that can be measured via various 
methods (Belle/BaBar,  LHCb):

V ∗
ubVud + V ∗

cbVcd + V ∗
tbVtd = 0

See Soeren
Prell’s talk 
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Semileptonic Decays: some formalism

dΓ ∝ |A|2 = G2
F |V 2

cb| · |HµLµ|2

Lµ = 〈P!Pν|!̄γµ(1 − γ5)ν!|0〉 (leptonic current)

Hµ = 〈D|c̄γµb|B〉 (hadronic current)

Evaluating the leptonic current gives !̄γµ(1 − γ5)ν!, where ! and ν are spinor wavefunctions.
We cannot evaluate the hadronic current because we do not know the |B〉 and 〈D| quantum states.
However, the hadronic current must be a four-vector, and, since B and D are spinless, the only four-
vectors available are PB and PD. Thus:

〈D|c̄γµb|B〉 = A · P µ
B + B · P µ

D

→ f+(PB + PD)µ + f−(PB − PD)µ (form factors)

= f+(q
2)(PB + PD)µ + f−(q

2)qµ where qµ ≡ (PB − PD)µ

Each of these terms gets contracted with the leptonic current !̄γµ(1 − γ5)ν. The second term gives:

qµ!̄γµ(1 − γ5)ν = (PB − PD)µ!̄γµ(1 − γ5)ν = (P! + Pν)
µ!̄γµ(1 − γ5)ν

= (P! + Pν)
µ!̄γµν − (P! + Pν)

µ!̄γµγ
5ν

= !̄( 'p!+ 'pν)ν − !̄( 'p!+ 'pν)γ
5ν

= (−m! + mν) !̄ ν − (−m! − mν) !̄γ
5ν

[applying the Dirac equations ( 'p− m)ψ = 0 and ψ̄( 'p+ m) = 0]

= (−m! + mν) !̄ ν + (m! + mν) !̄γ
5ν

≈ 0 [since mν ) 0 and m! * MB,MD]

Thus, for ! = (e, µ), the contribution of f−(q
2) is negligible, and the decay rate depends only on f+(q

2).
This is sometimes called “current conservation.”
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|Vub| via exclusive B® p ln

|Vub|  = (3.67 ± 0.09exp± 0.12th) x 10-3

dΓ(B→π"ν)

dq2
=

G2
F

24π3
p∗3|Vub|2 f2

+(q
2)

f+(q
2) =

1

(1 − q2/M2
B∗)

3∑

k=0

bk

[

zk − (−1)k
k

4
z4

]

where z =

√
t+ − q2 −

√
t+ − t0

√
t+ − q2 +

√
t+ − t0

,

t+ = (MB +Mπ)
2 = 29.4 GeV2,

t0 = (MB + Mπ)
(√

MB −
√
Mπ

)2
= 20.1 GeV2

Bourrely, Caprini, Lellouch, 
PRD 79, 013008 (2009)

Fit q2 spectrum + LCSR + LQCD for BCL parameters and |Vub|:
(LQCD: Aoki et al., EPJC 77, 112, (2017); 
LCSR: Bharucha, JHEP 05, 092, (2012) )
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 Belle untagged , Phys. Rev. D83, 071101 (2011) 0 B   
 Belle had. tag, Phys. Rev. D88, 032005 (2013) 0 B   
 Belle had. Tag, Phys. Rev. D88, 032005 (2013) + B   

 BaBar untagged, Phys. Rev. D86, 092004 (2012) +& B0 B   
 BaBar untagged, Phys. Rev. D83, 032007 (2011) +& B0 B   

Input Measurements: 

       Likelihood fit average

HFLAV
2018
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|Vcb| from B® D(*)ln

New kinematic variable w (rather than q2 ):

q2 ≈ 0 →  w =  wmax
= (MB

2 + MD*
2 )/(2MBMD* ) 

= 1.6 

Two extreme situations:

q2 = q2
max = (MB - MD* )2

= 10.69 (GeV)2 → wmin = 1 

BD l ,n BD
nl 

(LCSR reliable, LQCD not) (“zero recoil” : LQCD reliable, LCSR not)

w ≡
PB · PD∗

MB MD∗
=

−(PB − PD∗)2 + P 2
B + P 2

D∗

2MB MD∗
=

M2
B + M2

D∗ − q2

2MB MD∗

[Recall that q2 = (PB − PD∗)
2 = (P! + Pν)

2 ]
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|Vcb| from B® D(*)ln

form factor
B® Dln
decay rate:

w ≡ vB · vD =
M2

B + M2
D − q2

2MBMD

Caprini, Lelouch, 
Neubert:

B® D*ln
decay rate:

dΓ

dw
=

G2
F

48π3
M3

D(MB + MD)2(w2 − 1)3/2 |Vcb|2η2
EW G2(w)

G(w→z) = G(1)
[
1 − 8ρ2z + (51ρ2 − 10)z2 − (252ρ2 − 84)z3

]

where z = (
√
w + 1 −

√
2)/(

√
w + 1 +

√
2)

form factor

dΓ

dw
=

G2
F

48π3
M3

D∗(MB − MD∗)
2
√
w2 − 1 (w + 1)2|Vcb|2η2

EW F 2(w)

F 2(w) = h2
A1

(w)




2

[
1 − 2wr + r2

(1 − r)2

] [
1 + R2

1(w)(w − 1)
]
+

[

1 + (1 − R2(w))
w − 1

1− r

]2



where r = MD∗/MB

hA1
(z) = hA1

(1)
[
1 − 8ρ2z + (53ρ2 − 15)z2 − (231ρ2 − 91)z3

]

R1(w) = R1(1)− 0.12(w − 1) + 0.05(w − 1)2

R2(w) = R2(1)− 0.11(w − 1) + 0.06(w − 1)2

Caprini, Lelouch, 
Neubert:
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|Vcb| from B® Dln

B→Dℓν Reconstruction:
Divide event into 2 hemispheres: “signal” side and 
“flavor tag” side. Tag side is fully reconstructed (using 
neural net)

711 fb-1

charged tags neutral tags charged signals neutral signals

Note: over 1000 decay topologies considered.
[This is straightforward at an e+e- machine but very difficult 
at a hadron machine]

B−→D∗0π−

B−→D∗0π−π0

B−→D∗0π−π+π−

B−→D∗0π−π+π−π0

B−→D0π−

B−→D0π−π0

B−→D0π−π+π−

B−→D∗0D∗−
s

B−→D∗0D−
s

B−→D0D∗−
s

B−→D0D−
s

B−→J/ψK−

B−→J/ψK−π+π−

B−→J/ψK−π0

B−→J/ψKSπ
−

B−→D0K−

B−→D+π−π−

B0 →D∗+π−

B0 →D∗+π−π0

B0 →D∗+π−π+π−

B0 →D∗+π−π+π−π0

B0 →D+π−

B0 →D+π−π0

B0 →D+π−π+π−

B0 →D∗+D∗−
s

B0 →D∗+D−
s

B0 →D+D∗−
s

B0 →D+D−
s

B0 →J/ψKS

B0 →J/ψK−π+

B0 →J/ψKSπ
+π−

B0 →D0π0

D+ →K−π+π+

D+ →K−π+π+π0

D+ →K−π+π+π+π−

D+ →K−K+π+

D+ →KS π+

D+ →KS π+π0

D+ →KS π+π+π−

D+ →KS K+

D+ →π+π0

D+ →π+π+π−

D0 →K−π+

D0 →K−π+π0

D0 →K−π+π+π−

D0 →K−π+π+π−π0

D0 →KS π+π−

D0 →KS π+π−π0

D0 →KS π0

D0 →K−K+

D0 →π+π−

D0 →KSKS

D0 →π0π0

D0 →KS π0π0

D0 →π+π+π0

Glattauer at al. (Belle), PRD
93, 032006 (2016)

Hadronic B meson tagging

Analysis performed with hadronic tagging (fully reconstructed Btag ):

! reduce non-B background

! know kinematics of signal B

S. Hirose

Btag reconstructed in
1104 di↵erent
hadronic decay modes

E�ciency: ⇠ 10�3

Performed using neural network

E�ciency correction in MC using reference channel

Saskia Falke (Semi)leptonic B decays with Belle 06.07.17 7 / 28

e+

e-
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|Vcb| from B® Dln

B→Dℓν Reconstruction:

After tag side reconstructed, tracks are “removed” and signal side D reconstructed. After D 
reconstructed, e or µ is added to decay and missing mass calculated:

Missing mass spectrum (in bins of w) is fit for signal yield; from signal
yield one calculates DG/Dw. 

M2
miss =

(
Pbeam − PD − P!

)2

B0→ D+e- ν (2848 signal events)

1.00 < w <1.06 1.36 < w <1.42 1.54 < w <1.60

711 fb-1 Glattauer at al. (Belle), PRD
93, 032006 (2016)
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|Vcb| from B® Dln

Using G(1) = 1.0541 ± 0.0083  [MILC, PRD 92, 034506, (2015)]
hEW = 1.0066 ± 0.0050  [Sirlin, Nucl. Phy. B196, 83 (1982)]
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Results: CLN (2 params, heavy quark symmetry)

711 fb-1 Glattauer at al. (Belle), PRD
93, 032006 (2016)
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 = 12c D
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hEW G(1) |Vcb| = (42.00 ±1.00) x 10-3

|Vcb| = (39.58 ± 0.94exp ± 0.37theor) x 10-3
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|Vcb| from B® D*ln

Using F(1) = 0.906 ±0.013  [MILC, PRD 89, 114504, (2014)]
hEW = 1.0066 ±0.0050  [Sirlin, Nucl. Phy. B196, 83 (1982)]

Result:

711 fb-1 Waheed at al. (Belle), PRD
100, 052007 (2019)

hEW F(1) |Vcb| = (35.06 ± 0.58) x 10-3

|Vcb| = (39.58 ± 0.94exp ± 0.37theor) x 10-3

Advantages:
• (2.2-2.4)x larger branching fraction
• hadronic tag reconstruction not needed due to D* 
⇒ much higher statistics (180k signal events, vs. 17k for B® Dln )

Statistics are high enough to fit the w, cosql , cosqV , c distributions 

to fully differential decay rate

18

%
: '*!

" #V

$
l

$
V

D�

N

Figure 2.3: [B → D∗!ν decay geometry] Geometry of B → D∗!ν decays.

The differential decay rate is given by

dΓ(B→D∗!ν)
dwdcosθV dcosθ!dχ =

3G2
F

4(4π)4 |Vcb|2mBm2
D∗

√
w2 − 1(1 − 2wr + r2)×

[(1 − cosθ!)2sin2θV |H+(w)|2

+(1 + cosθ!)2sin2θV |H−(w)|2

+4sin2θ!cos2θV |H0(w)|2

−4sinθ!(1 − cosθ!)sinθV cosθV cosχH+(w)H0(w)

+4sinθ!(1 + cosθ!)sinθV cosθV cosχH−(w)H0(w)

−2sin2θ!sin
2θV cos2χH+(w)H−(w)]

where Hi(w) are called the helicity form factors. These form factors are related to

another set of form factors, hV (w), hA1(w), hA2(w) and hA3(w), as follows.

Hi = −mB
R(1 − r2)(w + 1)

2
√

1 − 2wr + r2
hA1(w)H̃i(w) (2.19)

where H̃i(w) are given by

H̃±(w) =
√

1−2wr+r2

1−r

(
1 ∓

√
w−1
w+1R1(w)

)

H̃0(w) = 1 + w−1
1−r (1 − R2(w))

(2.20)

dΓ(B0→D∗−!+ν)

dw dcos θ! dcos θV dχ

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5
w

0

2

4

6

8

10

12

14

310´

Ev
en
ts

1- 0.8- 0.6- 0.4- 0.2- 0 0.2 0.4 0.6 0.8 1
lqcos

0
2
4
6
8
10
12
14
16

310´

Ev
en
ts

 

1- 0.8- 0.6- 0.4- 0.2- 0 0.2 0.4 0.6 0.8 1
vqcos

0

5

10

15

20
310´

Ev
en
ts

 

3- 2- 1- 0 1 2 3
c

0

2

4

6

8

10

12

310´

Ev
en
ts

 

|Vcb| = (38.4 ± 0.63exp ± 0.6theor) x 10-3

slightly better than B® Dln result:



A. J. Schwartz US Belle II Summer School 2021 The CKM Matrix 16

Inclusive |Vcb| Gambino and Schwanda, 
PRD 89, 014022 (2014)

Y. Amhis et al. (Heavy Flavor 
Averaging Group), EPJC 81, 226 (2021)

An “inclusive” search means B® Xc ln :, where Xc denotes final state hadrons containing 
charm.
• Experimentally, no specific final state is reconstructed. Statistics are high, but 

backgrounds are high
• Theoretically, one calculate a b ® c transition, not a <D*|H|B> matrix element 

(parameterized by form factors). Typically this gives less theoretical uncertainty
• a decay mode with a specific final state is called an “exclusive” decay

Strategy: the inclusive b ® clv decay rate can be calculated via the Operator Product Expansion (OPE) 
[see Takeuchi-san’s talk on Tues/Wed]. This is a double expansion in small (perturbative) parameters as and 
(LQCD/mb ). The expansion depends on unknown B matrix elements of local operators. However, these matrix 
elements also determine moments of the lepton energy and recoil hadronic mass in B® X ln  decays. These 
moment distributions have been measured (Belle, BaBar, others), and thus one can fit the moment 
distributions and the measured width for B® X ln  to extract |Vcb|
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Ecut
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|Vcb| = (42.19 ± 0.78) x 10-3   (kinetic scheme)

|Vcb| = (41.98 ± 0.45) x 10-3   (1S scheme)

9. The Decay B æ Xu¸‹

The B meson, being the lightest meson containing a b quark, can only decay via the weak
interaction. In the following I discuss the semileptonic decay B æ Xu¸‹, where the final
state consists of a hadronic (Xu) and a leptonic (¸‹) system.

At the energy scale of the B meson mass the propagator term of the virtual W± boson
can be integrated out and the weak interaction is described by the e�ective coupling GF
together with the corresponding CKM matrix elements. However, at this energy scale
the bound state of the two quarks, of which the B meson is composed, is described by
non-perturbative QCD. In case the virtual W± boson decays into a lepton and neutrino
pair there exists no strong interaction between the decay products of the W± and the
hadronic system Xu. Therefore it is possible to factorize the strong and weak interaction
contributions and treat them separately.

The e�ective Standard Model (SM) Lagrangian describing these decays is given by

Le� = ≠4GF
Ô

2
Vub(u“µPLb)(‹“

µ
PL¸) + h.c., (9.1)

with Fermi’s constant GF, the CKM matrix element Vub and the projection operator
PL = (1 ≠ “5)/2. The decay B æ fi¸‹ is shown at parton level and as an e�ective diagram
in Figure 9.1.

b u

d d

⌫

`+

W
+

B
0 ⇡�

(a) Parton level Feynman diagram.

B
0 ⌫

`+

⇡�

(b) E�ective Feynman diagram.

Figure 9.1.: One possible parton level Feynman diagram (a) and the e�ective Feynman
diagram (b). In the e�ective Feynman diagram, the propagator of the W is
integrated out, i.e. the weak interaction is point-like, and the gluon interactions
are described by the blob.
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contributions and treat them separately.

The e�ective Standard Model (SM) Lagrangian describing these decays is given by

Le� = ≠4GF
Ô

2
Vub(u“µPLb)(‹“

µ
PL¸) + h.c., (9.1)

with Fermi’s constant GF, the CKM matrix element Vub and the projection operator
PL = (1 ≠ “5)/2. The decay B æ fi¸‹ is shown at parton level and as an e�ective diagram
in Figure 9.1.

b u

d d

⌫

`+

W
+

B
0 ⇡�

(a) Parton level Feynman diagram.

B
0 ⌫

`+

⇡�

(b) E�ective Feynman diagram.

Figure 9.1.: One possible parton level Feynman diagram (a) and the e�ective Feynman
diagram (b). In the e�ective Feynman diagram, the propagator of the W is
integrated out, i.e. the weak interaction is point-like, and the gluon interactions
are described by the blob.
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Inclusive |Vub| 
L. Cao et al. (Belle), 
arXiv:2102.00020 
(to appear in PRD)

Y. Amhis et al. (Heavy Flavor 
Averaging Group), EPJC 81, 226 (2021)

Very challenging to measure B® Xu ln  (Xu denotes final state hadrons not coming 
charm), because B® Xc ln  background is ~50x larger and swamps the signal. 

Strategy: fit data in limited regions of MX, El , and q2 where B® Xc ln background is suppressed, e.g., at 
lower values of MX , higher values of El , and higher values of q2. Requiring such limited phase space regions 
complicates the perturbatve QCD calculations needed to extract |Vub| from the measured rate. Different 
theoretical models use different parameterizations of the “shape functions” needed to evaluate the 
unmeasured regions of phase space. Five theory models are commonly used: BLNP, DGE, GGOU, ADFR, 
and BLL, but no theoretical approach is preferred over the others.  

To beat down B® Xcln , Belle uses a sophisticated BDT 
based on Mmiss

2, finding a soft p+ from D* decay, number 
of kaons, Bsig vertex, and Qtot . Cutting on BDT output 
rejects 98.7% of Xcln , keeping 18% of Xu ln :
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9. The Decay B æ Xu¸‹

The B meson, being the lightest meson containing a b quark, can only decay via the weak
interaction. In the following I discuss the semileptonic decay B æ Xu¸‹, where the final
state consists of a hadronic (Xu) and a leptonic (¸‹) system.

At the energy scale of the B meson mass the propagator term of the virtual W± boson
can be integrated out and the weak interaction is described by the e�ective coupling GF
together with the corresponding CKM matrix elements. However, at this energy scale
the bound state of the two quarks, of which the B meson is composed, is described by
non-perturbative QCD. In case the virtual W± boson decays into a lepton and neutrino
pair there exists no strong interaction between the decay products of the W± and the
hadronic system Xu. Therefore it is possible to factorize the strong and weak interaction
contributions and treat them separately.

The e�ective Standard Model (SM) Lagrangian describing these decays is given by

Le� = ≠4GF
Ô

2
Vub(u“µPLb)(‹“

µ
PL¸) + h.c., (9.1)

with Fermi’s constant GF, the CKM matrix element Vub and the projection operator
PL = (1 ≠ “5)/2. The decay B æ fi¸‹ is shown at parton level and as an e�ective diagram
in Figure 9.1.
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Figure 9.1.: One possible parton level Feynman diagram (a) and the e�ective Feynman
diagram (b). In the e�ective Feynman diagram, the propagator of the W is
integrated out, i.e. the weak interaction is point-like, and the gluon interactions
are described by the blob.
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Inclusive |Vub| 
L. Cao et al. (Belle), 
arXiv:2102.00020 
(to appear in PRD)

Y. Amhis et al. (Heavy Flavor 
Averaging Group), EPJC 81, 226 (2021)

taken as that obtained with the GGOU calculation.

Table 89: Summary of measurements of partial branching fractions for B ! Xu`+⌫` decays.
The errors quoted on �B correspond to statistical and systematic uncertainties. Ee is the
electron energy in the B rest frame, p⇤ the lepton momentum in the B frame and mX is the
invariant mass of the hadronic system. The light-cone momentum P+ is defined in the B rest
frame as P+ = EX � |~pX |. The smax

h variable is described in Refs. [562,563].

Measurement Accepted region �B[10�4] Notes
CLEO [564] Ee > 2.1GeV 3.3± 0.2± 0.7

BABAR [563] Ee > 2.0 GeV, smax
h < 3.5GeV2 4.4± 0.4± 0.4

BABAR [560] Ee > 1.0GeV 1.55± 0.08± 0.09 Using the GGOU model
Belle [565] Ee > 1.9GeV 8.5± 0.4± 1.5

BABAR [555] MX < 1.7GeV/c2, q2 > 8GeV2/c4 6.9± 0.6± 0.4

Belle [566] MX < 1.7GeV/c2, q2 > 8GeV2/c4 7.4± 0.9± 1.3

Belle [567] MX < 1.7GeV/c2, q2 > 8GeV2/c4 8.5± 0.9± 1.0 Used only in BLL average
BABAR [555] P+ < 0.66GeV 9.9± 0.9± 0.8

BABAR [555] MX < 1.7GeV/c2 11.6± 1.0± 0.8

BABAR [555] MX < 1.55GeV/c2 10.9± 0.8± 0.6

Belle [554] (MX , q2) fit, p⇤
`
> 1 GeV/c 19.6± 1.7± 1.6

BABAR [555] (MX , q2) fit, p⇤
`
> 1 GeV/c 18.2± 1.3± 1.5

BABAR [555] p⇤
`
> 1.3 GeV/c 15.5± 1.3± 1.4

6.4.1 BLNP

Bosch, Lange, Neubert and Paz (BLNP) [568–571] provide theoretical expressions for the triple
differential decay rate for B ! Xu`+⌫` events, incorporating all known contributions, whilst
smoothly interpolating between the “shape-function region” of large hadronic energy and small
invariant mass, and the “OPE region” in which all hadronic kinematical variables scale with the
b-quark mass. BLNP assign uncertainties to the b-quark mass, which enters through the leading
shape function, to sub-leading shape function forms, to possible weak annihilation contribu-
tion, and to matching scales. The BLNP calculation uses the shape function renormalization
scheme; the heavy quark parameters determined from the global fit in the kinetic scheme, de-
scribed in 6.2.2, were therefore translated into the shape function scheme by using a prescription
by Neubert [572, 573]. The resulting parameters are mb(SF) = (4.582 ± 0.023 ± 0.018) GeV,
µ2
⇡
(SF) = (0.202 ± 0.089+0.020

�0.040) GeV/c2, where the second uncertainty is due to the scheme
translation. The extracted values of |Vub| for each measurement along with their average are
given in Table 90 and illustrated in Fig. 64(a). The total uncertainty is +5.6

�5.7% and is due to:
statistics (+1.8

�1.9%), detector effects (+1.7
�1.7%), B ! Xc`+⌫` model (+0.9

�1.0%), B ! Xu`+⌫` model
(+1.5
�1.5%), heavy quark parameters (+2.7

�2.8%), SF functional form (+0.1
�0.3%), sub-leading shape func-

tions (+0.8
�0.8%), BLNP theory: matching scales µ, µi, µh (+3.8

�3.8%), and weak annihilation (+0.0
�0.7%).

The error assigned to the matching scales is the source of the largest uncertainty, while the
uncertainty due to HQE parameters (b-quark mass and µ2

⇡
) is second. The uncertainty due to

weak annihilation is assumed to be asymmetric, i.e. it only tends to decrease |Vub|.

173

Belle (2021)      El  > 1.0 GeV                                       15.9 ± 0.7 ± 1.6                                     

|Vub| =

√√√√ ∆B(B→Xu!
+ν)

τB · ∆Γth(B→Xu!
+ν)

]-3 10´|  [ub|V
2 4 6

) eCLEO (E
 0.49 + 0.22 - 0.31±4.23 

) 2, q
X

BELLE sim. ann. (m
 0.47 + 0.25 - 0.28±4.52 

) eBELLE (E
 0.46 + 0.16 - 0.21±4.95 

) eBABAR (E
 0.17± 0.10 ±3.96 

BELLE multivariate (p*)  
 0.28 + 0.09 - 0.10±4.62 

<1.55) XBABAR (m
 0.20 + 0.20 - 0.21±4.30 

<1.7) XBABAR (m
 0.23 + 0.16 - 0.17±4.10 

>8) 2<1.7, qXBABAR (m
 0.23 + 0.24 - 0.27±4.33 

<0.66) +BABAR (P
 0.26 + 0.26 - 0.27±4.25 

 fit, p*>1GeV) 2, q
X

BABAR (m
 0.24 + 0.09 - 0.10±4.44 

BABAR (p*>1.3GeV) 
 0.27 + 0.09 - 0.11±4.43 

Average +/- exp + theory - theory
 0.12 + 0.12 - 0.13±4.32 

HFLAV
2018

P. Gambino, P. Giordano, G. Ossola, N. Uraltsev 
JHEP 0710:058,2007 (GGOU)

/dof = 12.7/10 (CL = 24.00 %)2c

Using GGOU 
for DGth :

Cao et al. (Belle, 2021) :

|Vub| (BLNP) =
(
4.05 ± 0.09 +0.20

−0.21
+0.18
−0.20

)
× 10−3

|Vub| (DGE) =
(
4.16 ± 0.09 +0.21

−0.22
+0.11
−0.12

)
× 10−3

|Vub| (GGOU) =
(
4.15 ± 0.09 +0.21

−0.22
+0.08
−0.09

)
× 10−3

|Vub| (ADFR) =
(
4.05 ± 0.09 +0.20

−0.21 ± 0.18
)
× 10−3
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Putting all together: Inclusive vs. Exclusive |Vcb |, |Vub |

Exclusive (x 10-2) Inclusive (x 10-2) Difference

|Vcb| 3.876 ± 0.042 ± 0.055 (D*ln  CLN)
3.83 ± 0.07 ± 0.06 (D*ln  BGL [Belle])
3.958 ± 0.094 ± 0.037 (Dln)

4.219 ± 0.078 (kinetic scheme)
4.198 ± 0.045 (1S scheme)

2.2–3.3 s

|Vub| 0.367 ± 0.009 ± 0.012 (pln) 0.432 ± 0.012 ± 0.013 (GGOU)
0.444 ± 0.014 ± 0.022 (BLNP)

2.6-2.8 s

Latest lattice results:
Bailey (MILC), PRD 89, 114504 (2014)

Bailey (FNAL/MILC), PRD 92, 034506 (2015)

Aoki (FLAG), EPJC 77, 112 (2017) 

Detmold et.al., PRD 92, 034503 (2015)

34 36 38 40 42 44
]-3| [10cb|V
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|V

n D* l ®B 
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Average 68% C.L.
=12cDAverage 

) = 7.7%2cP(
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|: GGOUub |V
|: global fit in KScb |V

HFLAVSpring 2019
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|Vcs|, |Vcd| from leptonic decays D(s)
+® l +n 

B(D+
(s) →!+ν) =

G2
F

8π
f2

D(s)
|Vcs,cd|2 τD mD m2

!

(

1 −
m2

!

m2
D

)2

1) Measure B, calculate fD on lattice, extract |Vcs,cd| (compare to unitarity)
2) Measure B, take |Vcs,cd| from other measurements + unitarity, extract fD

(compare to lattice)
3) Note that rate vanishes if ml  = 0 ⇒ helicity suppression

!
!
!
!!

!
!!"

#
#

#
##

#
##$

#
#

#
##

#
##$

!
!
!
!!

!
!!"! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !! ! !!!!!!!! !!!!!!!

c

s̄

!+

ν!

W+

|[MeV]
cd

|VDf
45 50

CLEO-c

BESIII

Average

0.6±2.1±47.2

0.4±1.2±45.7

0.4±1.0±46.1

HFLAV
2018

|[MeV]cs|V
sDf

200 250 300

CLEO-c
BaBar

nµBelle       
BESIII(a)
BESIII(b)

CLEO-c
n(e)t            
n)p(t            
n)r(t            

BaBar n(e)t            
n)µ(t            

Belle
n(e)t            
n)µ(t            
n)p(t            

BESIII(a) n)p(t            

nµ            
nt            Average

nt+nµ            

4.5±9.7±249.8
7.0±7.9±257.8
4.7±6.4±242.2

5.0±17.3±238.9
3.5±3.6±246.2

5.2±10.9±245.4
4.7±16.8±270.1
5.6±12.3±249.8
16.1±12.3±240.1
13.0±11.1±235.7

7.2-
+8.27.6±246.8
13.0-

+7.68.1±257.8
8.8-

+10.09.3±261.7

11±54±194
2.5±2.8±246.7
4.1±3.5±249.8
2.2±2.2±247.7

HFLAV
2018 Ds

+® (µ+,t+)nD+® µ+n
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Leptonic Decays D(s)
+® l +n 

B(D+
(s) →!+ν) =

G2
F

8π
f2

D(s)
|Vcs,cd|2 τD mD m2

!

(

1 −
m2

!

m2
D

)2

1) Measure B, calculate fD on lattice, 
extract |Vcs,cd| (compare to unitarity)

2) Measure B, take |Vcs,cd| from other 
measurements + unitarity, extract fD
(compare to lattice)
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c

s̄

!+

ν!

W+

Using the latest LQCD results:

gives: 

f Ds = (249.9 ± 0.5) MeV

f D = (212.0 ± 0.7) MeV

|Vcs| = 0.991 ± 0.013 (exp) ± 0.002 (LQCD) 

|Vcd| = 0.2173 ± 0.0051 (exp) ± 0.0007 (LQCD) 

Using CKM Unitarity:                                                                    gives:
(CKMFitter) 

|Vcs| = 0.973394 +0.000074
-0.000096

|Vcd| = 0.22529 +0.00041
-0.00032

f Ds = (254.5 ± 3.2) MeV

f D = (205.4 ± 4.8) MeV

Aoki et al. (Flavor Lattice Averaging Group), 
arXiv:1902.08191

FNAL/MILC, PRD 98, 074512 (2018)
ETM, PRD 91, 054507 (2015)

Ds
+
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Summary of  |Vcd|, |Vcs|

Dominated by BESIII [Ablikim et al., PRD 92, 072012 (2015); 
Ablikim et al., PRD 96, 012002 (2017)]

|
cd

|V
0.15 0.2 0.25 0.3

nµ®D

nlp®D

Average
n)lp(®D

Nn

Indirect

0.0006±0.0051±0.2170

0.0076±0.0028±0.2214

0.0043±0.2183

0.011±0.230

-0.00032
+0.000410.22529

HFLAV
2018

|cs|V
0.9 1 1.1

nl®sD

nlK®D

Average
nlK®+Dnl®sD

sc®W

Indirect

0.002±0.013±0.992

0.020±0.004±0.953

0.011±0.981

0.13±-0.26
+0.320.94

-0.000096
+0.0000740.973394

HFLAV
2018

• Leptonic decays have larger statistical errors due to smaller samples, but smaller LQCD errors 
(i.e., decay constants calculations are more accurate than those for form factors)

• Combining errors: best knowledge currently comes from leptonic decays
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Summary of CKM measurements

• |Vcb| is measured via exclusive B® D*ln and B® Dln decays. Uncertainty arises from 
form factors, of which there are two common choices: CLN and BGL

• |Vcb| is measured via inclusive B® Xc ln decays and using OPE. Uncertainty arises from 
matrix elements of local operators. These are determined by fitting moment distributions. 
Two theory schemes available: kinetic scheme and 1S scheme.

• The measurements differ: inclusive |Vcb| is higher than exclusive by 2.2-3.3s

• |Vub| is measured via exclusive B® p ln decays. Uncertainty arises from form factors, of 
which there is one common choice: BCL

• |Vcb| is measured via inclusive B® Xu ln decays. Many cuts are made to reduce huge B®
Xc ln background, and this makes it challenging to theoretically predict the rate. Five 
theory schemes available: BLNP, DGE, GGOU, ADFR, and BLL.

• The measurements differ: inclusive |Vub| is higher than exclusive by 2.6-2.8s

• |Vcs| is measured via exclusive Ds
+® l +n and D® K ln decays. Uncertainty arises from 

decay constants and form factors, respectively. Results agree. D® K ln has much higher 
statistics, but theory error from form factors is larger, so overall precision is worse. 

• |Vcd| is measured via exclusive D+® l +n and D® p ln decays. Uncertainty arises from 
decay constants and form factors, respectively. Results agree. D® p ln has much higher 
statistics, but theory error from form factors is larger, so overall precision is worse. 



A. J. Schwartz US Belle II Summer School 2021 The CKM Matrix 24

Extra

Extra Slides



A. J. Schwartz US Belle II Summer School 2021 The CKM Matrix 25

The Belle II Detector
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Belle II physics 

Observables Expected exp. uncertainty Facility (2025)

UT angles & sides
φ1 [◦] 0.4 Belle II

φ2 [◦] 1.0 Belle II
φ3 [◦] 1.0 LHCb/Belle II

|Vcb| incl. 1% Belle II
|Vcb| excl. 1.5% Belle II

|Vub| incl. 3% Belle II
|Vub| excl. 2% Belle II/LHCb

CPV
S(B → φK0) 0.02 Belle II

S(B → η′K0) 0.01 Belle II
A(B → K0π0)[10−2] 4 Belle II
A(B → K+π−) [10−2] 0.20 LHCb/Belle II

(Semi-)leptonic

B(B → τν) [10−6] 3% Belle II
B(B → µν) [10−6] 7% Belle II
R(B → Dτν) 3% Belle II

R(B → D∗τν) 2% Belle II/LHCb

Radiative & EW Penguins
B(B → Xsγ) 4% Belle II
ACP (B → Xs,dγ) [10−2] 0.005 Belle II

S(B → K0
Sπ0γ) 0.03 Belle II

S(B → ργ) 0.07 Belle II

B(Bs → γγ) [10−6] 0.3 Belle II
B(B → K∗νν) [10−6] 15% Belle II

B(B → Kνν) [10−6] 20% Belle II
R(B → K∗(() 0.03 Belle II/LHCb

B 
physics:

Charm

Dark Photon/Sector

Tau physics
Quarkonium-like
Bs physics at ¡(5S)

SUSY 2017, B-physics & Belle II Phillip URQUIJO

Dark Sectors in early data (aside: not B-physics)
• In 2018 new Belle II triggers will be used to search for 

dark matter and dark photons.

28

Dark Sector Physics at BaBar and Belle II (Torben Ferber)

Belle II: Dark Photons to invisible (``Single photon search’’)

16
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Scalar Relic Target
   Belle II (Phase 3)
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B2TIP, to be submitted to PTEP (2017).
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The Belle II Physics Book
E. Kou et al., PTEP 2019, 123C01 (2019) 
[arXiv:1808.10567] 
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Semileptonic Decays

D® (K,p) l +n: dΓ

dq2
=

G2
F p3

h

24π3
|Vcs,cd|2

∣∣∣f+(q2)
∣∣∣
2

Simple pole: 

Modified pole model: 

f+(q2) =
f+(0)

(1 − q2/m2
pole)

f+(q2) =
f+(0)

(1 − q2/m2
pole)(1 − αpq

2/m2
pole)

⇒ Take f+(q2) form factor from theory, determine |Vcs| or |Vcd|

z expansion: t± = (mD ± mP)2 t0 = t+(1 −
√

1 − t−/t+)

z(q2, t0) =

√
t+ − q2 −

√
t+ − t0

√
t+ − q2 +

√
t+ − t0

f+(q2) =
1

P (q2)φ(q2, t0)

∞∑

k=0

akzk

a1/a0 ≡ r1 a2/a0 ≡ r2



A. J. Schwartz US Belle II Summer School 2021 The CKM Matrix 28

Semileptonic Decays

D® (K,p) l +n: dΓ

dq2
=

G2
F p3

h

24π3
|Vcs,cd|2

∣∣∣f+(q2)
∣∣∣
2

0.13 0.135 0.14 0.145 0.15 0.155

|Vcd| f+
 /(0)

World average 0.1426 ±0.0018

BESIII 2017 0.1413 ±0.0035 ±0.0012

BESIII 2015 0.1420 ±0.0024 ±0.0010

BABAR 2015 0.1374 ±0.0038 ±0.0024

CLEOC 2009 0.1500 ±0.0040 ±0.0010

BELLE 2006 0.1417 ±0.0045 ±0.0068

����	
����

0.66 0.67 0.68 0.69 0.7 0.71 0.72 0.73 0.74 0.75

|Vcs| f+
  K (0)

World average 0.7180 ±0.0033

BESIII 2019 0.7133 ±0.0038 ±0.0030

BESIII 2017 0.6983 ±0.0056 ±0.0112

BESIII 2015B 0.7370 ±0.0060 ±0.0090

BESIII 2015A 0.7195 ±0.0035 ±0.0041

CLEOC 2009 0.7189 ±0.0064 ±0.0048

BABAR 2007 0.7211 ±0.0069 ±0.0085

BELLE 2006 0.6762 ±0.0068 ±0.0214

����	
����

Using recent LQCD results:                                                      gives: 
ETM, PRD 96, 054514 (2017)
HPQCD, PRD 82, 114506; 84 114505 (2011)
FNAL/MILC arXiv:1901.08989

f K+(0) = 0.760 ± 0.011 

f p+(0) = 0.634 ± 0.015

|Vcs| = 0.943 ± 0.004 (exp) ± 0.014 (LQCD) 

|Vcd| = 0.2249 ± 0.0028 (exp) ± 0.0055 (LQCD) 


