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Summary of what we discussed yesterday:

@ Particles are described by excitations of the corresponding quantum
field.

@ The quantum field at each spacetime point are operators that either
create or annihilate the corresponding particle.

@ Interactions between particles that happen at spacetime point x are
described by products of the field operators at x. Example:

e Y(x)7"1(x) Au(x)

e
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Weak Interactions:

Eq. (49) of the Belle Il Physics Book:

Ly = g[vfkum” ducWyi + Viedu u W, }

V2
ML]' (g/\/—Z)V]k de de (g/\fZ)V]k* uL]'
w* wt

VZ? VIRGINIA
TECH

Tatsu Takeuchi (Virginia Tech) OPE in Belle Il Analyses Belle || Summer Workshop, July 14, 2021



Strong Interactions:

Loep = & TV (Ta)asq” G;

q¢ » gs(Ta)aﬁ » i

< -«

Gﬂ

The gluon brings in color a and takes out color 3.
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Dependence of QFT on scale — Renormalization

o Consider the interaction e(y"1)A,, between charged fermion ¢ and
the photon A,,.

o If the momentum of the photon is g, its wavelength is A = 27/q.

@ The photon cannot resolve spacetime points that are separated by
spatial distances smaller than ~\.

@ The photon will interact coherently at all the spacetime points inside

a fuzzy cell of size ~\ around x.
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Dependence of QFT on scale — Renormalization
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@ Many microscopic processes could happen inside this fuzzy cell that

we cannot resolve.
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Dependence of QFT on scale — Renormalization

@ The effective coupling between the fermion ¢) and the photon A, will
depend on the relevant scale p, called the renormalization scale, at
which the interaction takes place. In the case, it is set by the
momentum of the photon q: u ~ gq.

@ The interaction vertex becomes “fuzzed out” around x:
e(PO)P()NALX) = e(@a)r* Y (x2))Au(x3)
where x1, x2, and x3 are spacetime points inside the cell of size

~ 1/p around x. In other words, the interaction Hamiltonian
becomes an operator product.

@ The operator product can be made “local” again by absorbing the
effects of all the microscopic processes into a running coupling

constant:
(V)1 (x))Au(x3) = e(g?) (Y(x)7"¥(x))Au(x)
e An OPE with only one term! 7/~ YIRSINIA
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Dependence of QFT on scale — Weak Interaction

@ Exchange of W between p; and v :

w> My
Xh? _ _
Vi — € > - uy Viu ur
W”S 2V2Gr
= i,
ey ~ q =z v e; v
L "/*fz Le L Le
° w <My

@ Range of the W-exchange force is ~1/Myy.
(Recall how Yukawa predicted the pion mass.)

@ Description depends on the renormalization scale .
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Dependence of QFT on scale — Weak Interaction

@ In the SM the process is described (at scale ;1) by

gZ(M)[eL(XZ)’Y)\VLe(XZ)] [— /u dip eiPbe—)

2 (2m)* p2 — M2, + ie P )]

W propagator
@ When . < My, we can describe the process in an “effective” QFT
without the W in it, and instead introduce the “local” operator

2v26(1) [ (x)v2e(¥)| 7 (30 a ()]

@ Demand that the two descriptions match at © = My, that is, the
“effective” four-fermion term is the first term in the OPE of the SM

expression:
2
g“(Mw) 1
2= =2 = 2V2Gg(M —  GE(My) = —
2M5V f F( W) F( W) \/§V2 5
where v is the Higgs VEV and My, = gv/2. M? ¥||5%GHINIA
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Some technical detail :

@ When i < My, we can expand
/,u d4p e—ip(x2—x1)
(2m)* p2 — M2, + ie
1 /ﬂ d*p ( P, P ) ~ip(xa—
= 1+ + 4 ... | eiPbe—x1)
M2, (2m)4 Mz, My,
1 /“ d P —ip(xa—
— e ipbe—x1) 4 ...
M2, (2m)4

-~

~ (54(X2 — Xl)

= M2 6( X1)+"'

The --- lead to higher dimensional operators suppressed by powers of
M%V in the OPE.

o p-dependence of Gp(u) is weak.
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Effect of Strong Interactions

w> My

g2V

L —— ) << by L by
>

W W2GEVaVia

d ~¢ < u d u
L DV L L L
w=My

o At u = My, the weak interaction responsible for b — ciid is
described by the operator

2V2GEV, Vi Q5P Q5% = (dlyuf)(@ybl) .

The colors are contracted as shown since the W boson exchanged
between the (d} 7, uf) and (E’f’y“bf) does not carry color.
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Effect of Strong Interactions

@ Scale relevant for B-decay is ;1 = my,.

@ Since mp < My, we need an OPE of the interaction Hamiltonian at
1 = my in terms of the “local” operators defined at = M.

@ Gluon exchange induces a new operator:

Cr, bL ‘L /bL
Q2 S5
dr up dp uL
£ = (dimu)(@r"by) Q5™ = (diyuu)(e(r"by)
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Effect of Strong Interactions

@ As we lower the renormalization scale p from = My, to p = my,
the two operators will mix.

‘L bL cL bL

dr ur, dr ur,

@ The Wilson coefficients in Eq. (62) of the Belle Il Physics Book
describe these effects:

_ 4G
Hbacud(mb) _ F Vcb Z C chd
Jj=1,2
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Effect of Strong Interactions

@ The Wilson coefficients can be calculated perturbatively since the
QCD coupling gs(p) is small in the range mp < < My,. (It
becomes large at around ;1 = Agcp ~ 300 MeV.)

e Eq. (63) of the Belle Il Physics Book shows how the Wilson
coefficients at = My and . = my, are related:

— —

Cus) = Ulpp, bw)C(uw)
where C() is given in Eq. (64) :

= Cl(ﬂ))
C =
) <C2(M)
U(pp, pw) is a 2 x 2 matrix. Note that

Can) = (3)

Expression for U(fup, i) does not seem to be given VIRGINIA
in the Belle Il Physics Book. 55 TECH
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New Physics Effects

e Eq. (417) of the Belle 1l Physics Book shows operators that lead to
c—ulte= (D° — ¢rem)
10

&) ~
g =y g,
=1
where
Q1 = (Cuyulo)(Teyer) Q> = (Loyule)(Try"cr)
Q3 = (lulr)(UreL) Qs = (Prly)(Trey) ,

Os = (lroul)(Tro™cL) .

Qg~10 are obtained from Q1.5 via the interchange L < R.
These operators do not exist or are highly suppressed within the SM.
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New Physics Effects

0 & é(
Hrare _ Z M) Ql ,
i=1
@ A\ is the scale of new particles that mediate the interactions.

@ Since we are considering charm decay, we should choose ;1 = m, but
that is not important here since we cannot calculate them anyway in
the absence of a model that predicts these operators. So C;(y) are
just arbitrary constants.
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@ OPE's appear whenever we need to compare the behavior of a QFT
at different renormalization scales .

@ The Wilson coefficients track how the operators evolve with .

@ OPE is used to match terms in QFT's that are effective at different
scales.

@ We can now understand what all those yucky equations in the Belle
Il Physics Book mean. Hurray! :)
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